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THE ESSENTIAL CENTRE OF THE MOD A DIAGONALIZATION
IDEAL COMMUTANT OF AN n-TUPLE OF COMMUTING
HERMITIAN OPERATORS
J. BOURGAIN AND D.V. VOICULESCU
ABSTRACT. We show that for a commuting n-tuple of hermitian operators, with
perfect spectrum, the essential centre of the algebra of operators commuting with
the n-tuple mod a diagonalization ideal arises from the C∗-algebra of the n-
tuple. This answers a question for normal operators and the Hilbert-Schmidt
class connected to K-theory for almost normal operators.
Let τ = (T1, . . . , Tn) be an n-tuple of commuting hermitian operators on a
complex separable infinite-dimensional Hilbert space H, let (J, | |J) be a normed
ideal of compact operators on H in which the finite rank operators R(H) are dense
and let E(τ, J) be the algebra of bounded operators X ∈ B(H) so that [X,Tj ] ∈
J, 1 ≤ j ≤ n. Let further K(τ ;J) = E(τ ;J) ∩ K(H), where K(H) denotes the
compact operators and let E/K(τ ;J) = E(τ ;J)/K(τ ;J).
Roughly, the main result of this note is about a situation when the cenre of
E/K(τ ;J) consists of the image of C∗(τ), the C∗-algebra of τ , in E/K(τ ;J). In
case n = 2 and J = C2, the Hilbert-Schmidt class, this answers a question in 6.2
of [3] and also provides a generalization. The motivation for the question about the
essential centre came from the K-theory problems studied in [3].
The main assumption will be that τ can be diagonalized modulo J , that is that
there is a hermitian n-tuple δ = (D1, . . . ,Dn) which is diagonal in some orthonor-
mal basis of H, so that Dj − Tj ∈ J , 1 ≤ j ≤ n. By the results of [2], this is
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equivalent to the requirement that
kJ(τ) = lim inf
A∈R
+
1
(H)
A↑I
max
1≤j≤n
|[A,Tj ]|J = 0
where the lim inf is w.r.t. the natural order on the set of finite rank positive con-
tractions R+
1
(H) on H.
Also by [2], if kJ(τ) = 0 we can choose δ so that we have the equality of spectra
σ(τ) = σ(δ) and that |Tj −Dj |J < ε, 1 ≤ j ≤ n.
In what follows B/K(H) = B(H)/K(H) is the Calkin algebra and
p : B(H)→ B/K(H) denotes the canonical homomorphism.
Endowed with the norm
|||X||| = ‖X‖ + max
1≤j≤n
|[X,Tj ]|J
the algebra E(τ, J) is easily seen to be an involutive Barnach algebra with isometric
involution.
Theorem. Let τ = (T1, . . . , Tn) be an n-tuple of commuting hermitian operators
on H such that kJ(τ) = 0.
a) The algebraic isomorphism of ∗-algebras E/K(τ ;J) ∼ p(E(τ ;J)) is an iso-
metric isomorphism of Banach algebras with involution. In particular E/K(τ, J)
is a C∗-algebra.
b) Assume the spectrum σ(τ) is a perfect set. Then, under the isomorphism
E/K(τ ;J) ∼ p
(
E(τ ;J)
)
, the centre Z
(
E/K(τ ;J)
)
corresponds to p
(
C∗(τ)
)
.
Proof. a) The proof is along the same lines as the proof of Proposition 5.3 in [3].
Since kJ(τ) = 0, there are Am ∈ R+1 (H) so that Am ↑ I and |[Am, Tj ]|J → 0,
1 ≤ j ≤ n as m→∞. If X ∈ E(τ, J) we have
lim sup
m→∞
|[(I −Am)X,Tj ]|J ≤
≤ lim sup
m→∞
‖X‖ |[I −Am, Tj ]|J+
lim sup
m→∞
|(I −Am)[X,Tj ]|J = 0.
Here, the last limsup equals zero since [X,Tj ] ∈ J and we assumed that the finite
rank operators R(H) are dense in J .
3It follows that in E/K(τ ;J) we have
|||X +K(τ ;J)||| ≤
≤ limsup
m→∞
|||(I −Am)X||| ≤
≤ limsup
m→∞
‖(I −Am)X‖+
limsup
m→∞
max
1≤j≤n
|[(I −Am)X,Tj ]|J =
= ‖p(X)‖.
The opposite inequality is obvious, which concludes the proof of a).
b) Denoting commutants by primes, we have E(τ ;J) ⊃ (τ)′.
Hence if X + K(τ ;J) ∈ Z
(
E/K(τ ;J)
)
we have [X, (τ)′] ⊂ K(H) and by
a result of [1], this implies X ∈ (τ)′′ + K(H). Since (τ)′′ ∈ E(τ ;J) we infer
X ∈ (τ)′′ +K(τ ;J).
Since σ(τ) is a perfect set we have σ(τ) = σ
(
p(τ)
)
. Also, note that if τ˜ =
(T˜1, . . . , T˜n) is another n-tuple of commuting hermitian operators such that
Tj − T˜j ∈ J, 1 ≤ j ≤ n we have E(τ˜ , J) = E(τ ;J) and we may replace τ
by τ˜ . Thus, using [2] we may assume τ is diagonal in some orthonormal basis and
σ(τ) = σ
(
p(τ)
)
continues to be satisfied. Further, it suffices to deal with the case
of X = X∗ and assume X = ϕ(T1, . . . , Tn) where ϕ : σ(τ) → R is a bounded
Borel function.
Let ∆ ⊂ σ(τ) be the dense subset of σ(τ) which is the joint pure point spectrum
and let d be the distance on σ(τ) corresponding to the ℓ∞-norm on ℓ∞({1, . . . , n}) ∼
R
n
.
To prove part b) of the theorem, we must show that ϕ can be chosen to be
continuous and this in turn is easily seen to be equivalent to showing that ϕ(km) is
convergent as m → ∞ whenever (km)m∈N ⊂ ∆ is a Cauchy sequence. Further,
passing to subsequences, it is sufficient to show this in case 1 > d(km, km+1) >
10d(km+1, km+2). Again passing to subsequences and replacing ϕ by some aϕ+b,
we conclude that under the previous assumptions we must show that
|ϕ(k2r)| ≤ 1/10, |ϕ(k2r+1)− 1| ≤ 1/10
for all r ∈ N, implies we can find Y ∈ E(τ ;J) so that
[Y, ϕ(τ)] 6∈ K(H).
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For each m ∈ N let em be an eigenvector of τ in the eigenspace for the n-tuple
of eigenvalues km, so that (em)m∈N is an orthonormal system.
We define
Y =
∞∑
m=1
〈·, em〉em+1.
Then [Y, Tj ] has s-numbers majorized by d(km, km+1), m ∈ N and since these are
≤ C10−m we have [Y, Tj ] ∈ C1 ⊂ J , so that Y ∈ E(τ ;J).
On the other hand
[Y, ϕ(τ)] =
∞∑
m=1
(
ϕ(km)− ϕ(km+1)
)
〈·, em〉em+1
which is not compact since ϕ(km) − ϕ(km+1) does not converge to zero as m →
∞ 
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